Wall adhesion effects during batch sedimentation of strongly flocculated colloidal gels are commonly assumed to be negligible. In this study in-situ measurements of colloidal gel rheology and solids volume fraction distribution suggest the contrary, where significant wall adhesion effects are observed in a 110mm diameter settling column. We develop and validate a mathematical model for the equilibrium stress state in the presence of wall adhesion under both viscoplastic and viscoelastic constitutive models. These formulations highlight fundamental issues regarding the constitutive modeling of colloidal gels, specifically the relative utility and validity of viscoplastic and viscoelastic rheological models under arbitrary tensorial loadings. The developed model is validated against experimental data, which points toward a novel method to estimate the shear and compressive yield strength of strongly flocculated colloidal gels from a series of equilibrium solids volume fraction profiles over various column widths. * Electronic address: daniel.lester@csiro.au 2
I. INTRODUCTION
The batch settling test is widely utilized as a means to characterize both the sedimentation and consolidation properties of colloidal suspensions Kynch (1952) , Michaels and Bolger (1962) , Tiller and Shirato (1964) , Howells et al. (1990) , Landman and White (1994) , Bürger and Tory (2000) , Lester et al. (2005) , Diehl (2007) , Grassia et al. (2011) , where the relevant material properties act as inputs for the modeling of a wide range of solid-liquid separation processes, ranging from tailings disposal and gravity settling, through to continuous thickening and pressure filtration. This test has significant advantages in that it is simple, cheap and highly portable, and the range of compressive stress (typically 1 kPa) involved is commensurate with most gravity settling applications. The most commonly measured data is the height of the transient sediment/supernatant interface over one or more experiments, and in more sophisticated experiments the equilibrium and/or transient local average solids volume fraction profile φ is also determined via e.g. gamma ray Labbett et al. (2006) or ultrasonic attenuation Auzerais et al. (1990) . Although deconvolution of the measured data set into accurate estimates of the relevant material properties is not trivial, significant advances Lester et al. (2005) , Grassia et al. (2011) have been made in recent years regarding this problem, facilitating accurate and complete suspension characterization from a small number of batch settling tests.
An important assumption underpinning these deconvolution techniques (and sedimentation theory in general) is that effects arising from adhesion between the settling suspension and the container wall are negligible, effectively allowing the sedimentation and consolidation processes to be quantified via a one-dimensional vertical force balance. Such assumptions are motivated by estimates that the wall adhesive shear strength τ w (φ) is small in comparison to the suspension compressive yield strength P y (φ), both of which serve as inputs for an equilibrium momentum balance Michaels and Bolger (1962) over the particulate phase in the vertical direction dP y dφ ∂φ ∂z − ∆ρgφ + 2τ w (φ)
where z is the vertical bed depth (downwards from the suspension/supernatant interface), ∆ρ the interphase density difference, g gravitational acceleration constant, and R is the radius of the settling container. As the apparent wall adhesion strength τ w (φ) typically appears Seth et al. (2008) , Buscall et al. (1993) , Barnes (1995) to be somewhat smaller but of the same order to the bulk suspension shear yield strength τ y (φ), and the ratio of shear to compressive yield strength S(φ) = τ y (φ)/P y (φ) appears to vary over the range 0.001-0.2 Buscall et al. (1987 Buscall et al. ( , 1988 , de Kretser et al. (2002) , Zhou et al. (2001) , Channell and Zukoski (1997) , these effects may be neglected for all but narrow settling columns.
However, if wall adhesion effects are significant -i.e. if τ w is large and/or R is smallthen the assumption of a one-dimensional force balance governing the suspension mechanics breaks down. Now the particulate network experiences a combination of both shear and compressive stress, and this arbitrary stress state varies both vertically and radially. From
(1), it is clear that the wall adhesion strength acts to counteract the gravitational force, and in some cases, the entire suspension weight can be supported by shear stress alone. Under the approximation τ w ≈ τ y (φ), this state is given in terms of a critical solids concentration φ c which only depends upon the container radius and shear yield strength as
In principle, once the critical volume fraction φ = φ c is reached (at the critical bed depth z c ), the network pressure is constant for bed depths beyond z c . Hence, a clear signature of significant wall adhesion effects is given by a constant equilibrium solids volume fraction profile. Such behaviour is clearly illustrated in Fig. 1 , which depicts the vertical solids volume fraction profiles of a polymer flocculated calcium carbonate suspension in 22 mm and 110 mm diameter columns -the vertical profile for the 22 mm profile can only be reasonably explained by wall adhesion effects. As the shear yield strength is a nonlinear monotonic increasing function of φ, given sufficient depth of the settled bed, the critical state φ = φ c is reached by all colloidal suspensions, regardless of rheology and the container diameter. As this critical state is approached (φ → φ c ), estimates of the compressive yield strength P y (φ) which neglect wall adhesion effects diverge to +∞, hence wall adhesion can introduce unbounded errors in estimates of suspension material parameters. Such errors can also contaminate the estimate of other suspension properties such as the hindered settling function R(φ) Lester et al. (2005) .
Recent studies on the gravity batch settling of mineral particles flocculated with high molecular weight polymers have suggested that wall adhesion effects are by no means always secondary or insignificant. Here the suspensions are seldom far from the gel-point and the ratio of shear to compressive strength is expected to be at a maximum of order unity at the gel-point, decreasing rapidly away from it Buscall (2009) . It might also be that high molecular weight polymer flocculated systems are less "short" than, say, electrolytecoagulated systems, by virtue of the size and elasticity of the interparticle bonds.
Furthermore, in-situ measurements (i.e. within the settling container itself) of the shear yield strength τ y of flocculated colloidal suspensions appear to be significantly higher than those for a decanted suspension. Colloidal gels flocculated with high molecular weight polymer flocculants exhibit rapid irreversible breakdown under shear, and so significant degradation can occur during the decanting process. Conversely, the compressive yield stress is typically measured in-situ, hence such inconsistency can significantly underestimate the magnitude of S(φ). The results herein demonstrate wall adhesion effects are significant in a 110 mm diameter settling column, typically considered to be wide enough to render such effects negligible provided there is sufficient depth of networked bed.
These observations suggest that wall adhesion effects for colloidal gels in batch settling tests are more prevalent than previously appreciated, and have motivated us to investigate the problem of wall adhesion in batch sedimentation in greater detail. In particular, we aim to develop and validate a mathematical model of the suspension equilibrium stress state in the presence of wall adhesion, and develop error estimates for the one-dimensional approximation (1) under such conditions. Analysis of the governing multidimensional force balance and suspension behaviour under arbitrary tensorial loadings also raises fundamental questions regarding the constitutive modeling of strongly flocculated colloidal suspensions, particularly the validity and utility of viscoplastic rheological models as opposed to more under small shear strains, followed by rapid strain-softening which is described as shear yield prior to viscous flow. Whilst constitutive modelling is still being developed to resolve such complex flow phenomena, the different constitutive approaches (broadly categorized as viscoplastic and viscoelastic models) constitute different levels of resolution of the rheology of colloidal gels. In this study we find such issues are also of direct relevance with respect to resolution of the wall adhesion problem, hence we consider in detail the properties of each constitutive approach, and utilize an appropriate combination to resolve the wall adhesion problem. This solution is then validated against experimental data, which points to a novel method to extract accurate estimates of both the compressive P y (φ) and shear τ y (φ) yield strength from a series of batch sedimentation tests in columns of varying diameter.
In the following Section we develop governing equations for the wall adhesion problem and review constitutive modeling approaches for strongly flocculated colloidal gels. In Sections 3 and 4 the hyper-elastic and viscoplastic constitutive models respectively are examined in greater detail, and in Section 5 we present a closure approximation and solution of the viscoplastic model for the equilibrium stress state. A small strain solution of the hyperelastic model is presented by relaxation of the viscoplastic closure in Section 6, and in Section 7 we validate the viscoplastic solution against experimental data, before conclusions are made in Section 9.
II. CONSTITUTIVE MODELING OF COLLOIDAL GELS
To develop a quantitative model of batch settling in the presence of wall adhesion effects, we consider the transient dynamics of an attractive colloidal gel within a batch settling experiment starting at the initial condition φ = φ 0 < φ g . Over the past few decades, several phenomenological theories of the behaviour of strongly flocculated colloidal gels have been developed Howells et al. (1990) , Auzerais et al. (1990) , Richardson and Zaki (1954) , Kim et al. (2007) , Philip and Smiles (1982) , Toorman (1996) , Concha (1998), Buscall and White (1987) across a variety of diverse fields, with a significant degree of duplication and fragmentation. The majority of these formulations have focussed upon a one-dimensional force balance between the solid and fluid phases, and whilst these have been very successful in capturing the gross features of 1D processes such as pressure filtration and continuous thickening, their ability to resolve multi-dimensional phenomena such as the wall adhesion problem is limited. A multi-dimensional theory of the flow and separation of flocculated colloidal suspensions has been developed Lester et al. (2010) which quantifies the evolution of the solids volume fraction φ as
where D q /Dt is the material derivative with respect to the volume-averaged suspension velocity q, R(φ) the hindered settling function which quantifies interphase drag, and Σ N is the network stress tensor, defined Batchelor (1977) as the difference between the total suspension stress Σ and the fluid stress Σ f :
which may be decomposed in terms of the network pressure p N and deviatoric stress σ N
Under the assumption that during sedimentation the bulk suspension velocity q is zero, the network force balance simplifies to
which at equilibrium yields a balance between the network stress gradient and gravitational
Central to this model is the specification of a constitutive equation for the colloidal suspension network stress tensor Σ N to close the transient (3) and equilibrium (7) momentum balances. Henceforth we explore several constitutive modeling approaches for strongly flocculated colloidal gels.
Above a critical solids concentration termed the gel point φ g , particulate aggregates in colloidal suspensions interact to form a continuous space-filling particulate network (or colloidal gel) which can both withstand and transmit stress. For strongly flocculated suspensions such as coagulated or polymer flocculated suspensions, the network stress tensor Σ N is identically zero for φ < φ g , whereas for φ > φ g , attractive inter-particle forces result in an apparent network strength (in shear and/or differential compression) which strongly increases with solids volume fraction. Hence suspension sedimentation (which involves the settling of hydrodynamically interacting particulate aggregates) occurs for φ < φ g , whereas suspension consolidation (which involves simultaneous compression of the particulate network and hy- Of the array of constitutive models for the network stress Σ N of colloidal gels, there exist two distinct modelling approaches which are most clearly delineated via description of network compression. Flocculated colloidal gels are strongly strain-hardening in compression due to the increase in local solids volume fraction, and so may be described as poro-elastic materials with a volumetric strain-hardening compressional bulk modulus K(φ). As the inter-particle potential of a strongly flocculated colloidal gel typically contains a deep energy well, the compression of such gels is essentially irreversible. Some workers Buscall (2009), Kim et al. (2007) , Liétor -Santos et al. (2009 ), Manley et al. (2005 describe such gels as "ratchet poro-elastic", which quantifies the evolution of the network pressure p N as
where φ 0 is the initial concentration, and D s /Dt denotes the material derivative with respect to the particulate phase.
Alternately, compressional behaviour of colloidal gels is described by several workers How-ells et al. (1990) , Auzerais et al. (1990) , Philip and Smiles (1982) , Toorman (1996), Bürger and Concha (1998) , Buscall and White (1987) as a viscoplastic process in terms of the socalled compressive yield strength P y (φ), which implicitly encodes the irreversible nature of compression. The terminology "compressive yield" is somewhat misleading in that it implies an elastic strain limit, whereas in reality the particulate network strain-hardens without limit, and so P y (φ) represents the volumetric strain (given by φ) at which an applied network pressure is in equilibrium with the strength of the particulate network:
Hence, in terms of compressive strength, the poro-elastic and viscoplastic formulations are equivalent under the approximation
which is exact for φ 0 < φ g . For φ 0 > φ g , the compressive yield strength is not a true material
property, but rather an experimental artefact as it is not dependent upon the initial volume fraction φ 0 , i.e. P y = P . However, for φ 0 −φ g 1, the compressive yield strength represents an accurate approximation to the true network pressure P . This approximation typifies the relationship between the poro-elastic and viscoplastic formulations; whilst the former more accurately reflects the colloidal gel rheology, the latter leads to more tractable formulation as the strain history need not be evaluated.
In contrast to compression, the shear response of particulate gels is strain-softening, typically, and hence not self-limiting. Indeed, many colloidal gels strain-soften so rapidly that they can be considered to yield. Where this is the case, the notion of a critical yield stress τ y , or, sometimes, a yield strain γ c , is adequate for many purposes. In many applications (including experimental studies and numerical simulations) it is often neither feasible nor desirable to resolve such strains and the detailed sub-yield dynamics of colloidal gels. In this case, a viscoplastic constitutive model (such as a Herschel-Bulkley or Bingham model) serves as a useful engineering approximation for the deviatoric network stress tensor σ N , which for simple shear may be quantified as
where τ N is the 2nd invariant of σ N , η(φ,γ) is the apparent suspension viscosity (which is typically non-Newtonian), andγ is the rate of shear strain. One disadvantage of the viscoplastic constitutive model is that in general the deviatoric stress σ N is unresolved below the yield stress τ N < τ y (φ), asγ → 0 and the effective viscosity diverges. Although specialized regularization methods have been developed for numerical calculations Balmforth et al. (2014) , the conceptual problem of an undefined sub-yield stress state persists.
Conversely, the poro-elastic constitutive model resolves the detailed elastic strain in terms of the shear modulus G(φ, γ) and memory function m(t) via the quasi-linear viscoelastic Fung
(1993) constitutive model
in which time-strain separability has been invoked as a first approximation for the sake of clarity; most real colloidal gets are not expected to be so obliging, necessarily, even though there are examples, remarkably Yin and Solomon (2008) . Strain softening is encoded via the shear modulus G(φ, γ), and the strain rateγ is small prior to strain softening, which is interpreted as yield in the viscoplastic model. Hence for rapid shear strain (i.e. significantly faster than the relaxation timescale of m(t)), the shear yield stress and shear modulus are related via the critical strain as
As such, the viscoplastic and poro-elastic constitutive models can be reconciled as different levels of approximation for the rheology of a colloidal gel, with distinct advantages and disadvantages. Whilst the tensorial form of the poro-elastic model (detailed in Section 3) is a more accurate representation of the dynamics of a strongly flocculated colloidal gel, the viscoplastic model represents a lower-order approximation which has utility in a wide range of applications.
In this study we are primarily interested in solution of the equilibrium stress state, however under the poro-elastic formulation the transient problem (6) must be evolved from the initial condition (φ = φ 0 ) toward the limit t → ∞ to determine the distribution of stress and strain at the equilibrium state. Furthermore, as the strains associated with consolidation are large, finite strain measures are required to track material displacements in the Lagrangian frame, which adds further computational complexity. Conversely, the viscoplastic formulation allows one to analyse the equilibrium state (7) directly without need for temporal evolution. However, in multiple dimensions the viscoplastic model can lead to an under-determined stress state, analogous to statically indeterminate problems in structural mechanics. To circumvent this problem, we use a combination of both formulations to address the wall adhesion problem, which greatly simplifies the solution methodology.
III. HYPERELASTIC CONSTITUTIVE MODEL
The poro-elastic constitutive model under 1D compression (8) 
whilst the second invariant K 2 quantifies the magnitude of shear strain
where H = 1 3 K 1 I + K 2 Φ, and the normalized deviatoric strain Φ = dev(H)/K 2 , with Φ : Φ = 1. The third invariant K 3 is associated with the mode of distortion
where K 3 ∈ [−1, 1] such that K 3 = −1 corresponds to uniaxial extension, K 3 = 1 uniaxial compression, and K 3 = 0 to pure shear.
The original hyperelastic model is based upon an elastic potential
which for perfectly elastic materials stores all work done by material deformations as internal strain energy. For such materials, the isotropic Cauchy stress t is
where J = det(F) is the total volumetric strain. The hyperelastic framework can also be extended to dissipative materials (as per the K-BKZ or Rivlin-Saywers type viscoelastic models), in which case the potential ψ loses its strict thermodynamic interpretation as strain energy is no longer fully conserved. Note that the non-conservative potential may be decomposed into conservative and dissipative components ψ = ψ c + ψ d which allows for utilization with non-equilibrium thermodynamic closures , .
In general, the potential ψ may be dependent upon both strain-rate and strain history, as per the invariants
where s ∈ (−∞, t) is the strain history. As for a general nonlinear viscoelastic material Wineman (2009), the network stress Σ N is given by the generalisation of the Cauchy stress in (17) for a dissipative materials as
where the functional H[ ] t −∞ acts over the entire strain history. As such, the hyperelastic potential ψ encodes the full viscoelastic rheology of the particulate network, including compressive and shear deformations and tensorial combinations thereof. For this dissipative potential ψ, from (19) the network stress tensor is quantified via the integro-differential equation
where
Hence ∂ψ/∂K i encode the rheological properties of the suspension, namely the shear and compressive moduli. As strongly flocculated colloidal gels can only support small deviatoric strains, then the compressive behaviour is essentially identical under differential uniaxial compression (K 3 = −1) or spherical volumetric strain (K 2 = 0, K 3 indeterminate), and so the dependence of these materials upon the K 3 invariant is negligible. Hence the rheology of strong colloidal gels only depends upon the magnitude of the shear (K 2 ) and compressive (K 1 ) strains. Whilst such a simplification does not necessarily preclude interaction between combined shear and compression loadings, such interactions are beyond the scope of this study and for simplicity we assume herein that these deformation modes act independently.
Under these assumptions, the isotropic p N and deviatoric σ N components of the network stress tensor Σ N may be generalized from (8) (12) as
where K(φ), G(φ, γ, t) are the bulk and shear moduli respectively, which are related to ψ as
These relations suggest an indirect relationship between K and G for thermodynamically consistent forms of ψ; whilst not pursued in this study, this relationship provides significant scope for future research.
Equations (21), (22) represent tensorial forms of (8), (12) under an appropriate finite strain measure (H) for colloidal gels. This hyperelastic constitutive model describes the solid mechanics of the particulate network as a viscoelastic material, which in conjunction with the hindered settling function R(φ) describes the deformation, flow and separation of colloidal gels.
IV. VISCOPLASTIC CONSTITUTIVE MODEL
Given appropriate assumptions regarding the evolution of a batch settling experiment under the influence of wall adhesion effects, the viscoplastic constitutive model allows the equilibrium state φ = φ ∞ to be approximated directly via the force balance (7) without need to solve the full material evolution equation (3). The primary assumption underpinning the equilibrium state is that the suspension is in a critical state, whereby the network pressure p N is balanced by the compressive yield strength P y (φ ∞ ) throughout
This critical state arises for all colloidal gels regardless of the reversibility of consolidation, if (i) the suspension is initially unnetworked, i.e. φ 0 φ g , and (ii) the network pressure p N for each material element monotonically increases with time over the course of the experiment.
Under these conditions, the network pressure p N in (25) is identical to that of the hyperelastic formulation (22). This assumption is supported by the fact that the hydrodynamic drag between phases in a batch settling experiment decreases monotonically with time, from the initial condition in an asymptotic fashion toward the equilibrium state when the gravitational stress is supported solely by the inherent strength of the particulate network.
During the sedimentation and consolidation, upflow at the walls (via a lubrication film) prevents the network from adhering. It is proposed that as the equilibrium state is approached, the shear stress associated with this film generates a microscopic stick-slip mechanism between the particulate network and the container wall which allows the suspension interface to subside so long as this shear stress exceeds the wall adhesion strength.
This mechanism is supported by experimental observations that the equilibrium suspension/supernantant interface is generally flat, whereas adhesion without slip would generate a concave interface due to subsidence of material in the interior. In the case of weaklyflocculated systems it is known that adhesion can take a significant time (of order an hour) to develop after flow, whether this is true for strongly-flocculated systems is unknown. The stick/slip mechanism suggests that the suspension is in a critical state of shear stress at the container walls, i.e. the suspension shear stress is equivalent to the wall adhesion strength
Under the approximation τ w (φ) ≈ τ y (φ), this boundary condition suggests that the internal shear stress τ N τ y (φ), and by symmetry the shear stress is zero at the central axis:
Further boundary conditions at the top of the bed are given by
For the axis-symmetric batch settling problem, the equilibrium balance (7) may be directly expanded as
where the network pressure p N = 1 2 (σ N,rr + σ N,zz ), and the first normal stress difference (25), (31), (32), the system is under-determined.
Such statically indeterminate problems are common in plasticity problems; typically these arise from the application of constitutive models which do not possess well-defined stressstrain relationships below the critical yield stress. This deficiency is not a physical problem but rather stems from the over-simplified constitutive model, there exists a large class of problems for which plastic models generate under-determined systems Balmforth et al. (2014 ), Hill (1950 . A common approach to resolve statically indeterminate systems is to invoke small-strain elasticity to solve deformations away from the equilibrium state and thus determine the equilibrium stress distribution. We utilise a similar approach here in that a closure approximation is invoked to generate a viscoplastic approximation to the equilibrium stress state, which may then be converted into the hyperelastic frame and closure approximation relaxed at the expense of disrupting the force balance away from the equilibrium state.
As such, the viscoplastic estimate serves as a psuedo initial condition for the hyperelastic formulation, from which the equilibrium state can be approached via the temporal evolution equation (3). If the closure approximation used to generate the viscoplastic estimate is accurate, only small deviatoric strains are required to evolve this estimate toward the true hyperelastic equilibrium condition, greatly simplifying the solution process. Furthermore, propagation toward the true equilibrium state generates quantitative estimates of the accuracy of the viscoplastic approximation.
V. CLOSURE AND SOLUTION OF VISCOPLASTIC FORMULATION
A closure approximation for the viscoplastic formulation may be generated by consideration of the equilibrium state below the critical bed depth z c , where the stress equilibrium conditions render all derivatives with respect to z to be zero. Under these conditions the viscoplastic solution simplifies to (27) gives
As N 1,N τ N τ y (φ) P y (φ) and the compressive stress P y (φ) is a strongly increasing function of φ, the radial solids volume fraction distribution varies weakly as
where |δφ(r)| |φ r=0 | for z > z c . Hence the rz stress component σ N,rz also deviates weakly from the linear distribution
These scalings motivate us to consider the approximation δφ = 0, which corresponds to the assumption that the first normal stress difference N 1,N is negligible throughout the entire suspension, both above and below the critical bed depth z c . Although the validity of this assumption for z < z c is unknown, solution of the hyperelastic formulation informs this assumption.
Invoking the closure approximation N 1,N = 0 simplifies the shear stress to τ N = |σ N,rz |, and closes the set of governing equations which can be diagonalized in terms of the coupled hyperbolic system
y (p). From (27)-(30), the initial and boundary conditions are
where F describes the relationship between the shear and compressive stress at the container wall, such that τ N = τ y (φ| r=R ), p N = P y (φ| r=R ). Buscall Buscall (2009) , such that τ y (φ) = S(φ)P y (φ), and
for a compressive yield strength of the form
For these relationships, the operator F is explicitly
however other forms arise for different functional forms of P y (φ).
Solutions to the coupled hyperbolic system (36), (37) are organized by characteristics which propagate from the top of the bed (z = 0) at 45 degrees to the container wall and normal to each other as per Fig 2(a) , and manifest as C 1 shocks (i.e. non Lifshitz-continuous) contours in the shear stress distribution as shown in Fig 2(b) . Whilst the mathematical details differ, such 45 degree characteristics are typical of viscoplastic flows, such as slip-line fields in plasticity theory Balmforth et al. (2014) , Hill (1950) . The reflection conditions (39), (40) correspond to the boundary conditions τ N = 0 and τ N = τ y (φ) respectively, and ω 1 , ω 2 increase from zero at the top of the bed (38) due to the gravitational source in (36) (37). Predictions of the network shear stress, network pressure and solids volume fraction distributions for the colloidal suspension (a) in Table I diameter settling columns are shown in Fig.s 3 and 4 respectively. The signature of the ω 1 , ω 2 characteristics are clearly shown in the network shear stress distribution, and the number of times the characteristics are reflected from the r = 0 and r = R boundaries plays a significant role. The curved contours are due to the radial source terms (ω 1 − ω 2 )/2r in (36), (37), whereas straight contours arise in Cartesian geometries.
For both columns represented in Fig.s 3 and 4 , the network pressure and shear stress increase asymptotically with bed depth z toward the equilibrium condition where all of the gravitational stress is borne by the shear stress. As such, the critical bed depth z c is never reached in practice, however it is possible to identify a finite representative depth z c at which deviations from the equilibrium state are negligible. For the larger diameter column (Fig. 4) , the wide spacing between (r = R) boundary reflections means that this equilibrium state is approached more slowly than in narrower columns. In general, these solutions of the equilibrium stress state appear to be physically plausible apart from the Table I as predicted by viscoplastic formulation in a 22 mm diameter container.
C 1 shocks in the network shear stress distribution, which arise from idealizations of the viscoplastic constitutive model and the closure approximation of negligible normal stress differences. To resolve the accuracy of this viscoplastic approximation, the small strain hyperelastic formulation can be used to determine the true equilibrium state.
VI. SMALL STRAIN SOLUTION OF HYPERELASTIC FORMULATION
Central to solution of the equilibrium state ζ ∞ under the hyperelastic formulation are the assumptions stated above that (i) volumetric and isochoric strains for the suspension increase monotonically with time in an asymptotic fashion toward the equilibrium state,
(ii) the equilibrium state is described by a critical state where the compressive yield stress balances the network pressure everywhere, and the network shear stress is equal to the shear yield strength at the container wall. These assumptions mean that the compressive irreversibility constraint need not be explicitly invoked, and similarly the shear yield criterion is never exceeded. As such, a unique equilibrium state is reached for all reasonable initial conditions where φ 0 < φ g . Table I as predicted by viscoplastic formulation in a 110 mm diameter container.
This behaviour provides a significant simplification of the hyperelastic formulation, as it is no longer necessary to determine the path integral (20) from the initial condition ζ 0 , as any reasonable state which satisfies the conditions above shall ultimately converge to the unique equilibrium state ζ ∞ . Hence, whilst the viscoplastic solution ζ v may not represent a point on a true solution path from ζ 0 , under the hyperelastic formulation this state will still converge to the true equilibrium solution ζ ∞ . The relationship between these states may be represented asζ
where the hat refers to the viscoplastic formulation, ⇒ denotes conversion from the viscoplastic to the hyperelastic frame, and κ v represents a reference state given by the hyperelastic frame. The total deformation d from the initial condition ζ 0 in the frame κ v is the sum of deformations under the viscoplastic and hyperelastic formulations
and total Hencky strain is given by the sum of the strains
Due to the critical state equilibrium condition and brittleness of colloidal suspensions under shear, all deviatoric strains are small γ γ c , and so in general the deviatoric Hencky strain is well-approximated by the infinitesimal strain tensor
with γ dev( ) : dev( ). Conversely, as the particulate network can undergo large-scale consolidation, and hence support large isotropic strains, the volumetric component of the finite strain measure (14) in the material frame κ v must be preserved as
and so the total Hencky strain for strongly flocculated colloidal gels may be well approximated as
Under these strain measures, the suspension network pressure (21) and deviatoric stress (22) are now
As the timescale of material deformations of the particulate network is slow (due to the magnitude of the interphase drag coefficient R(φ)), the shear modulus G(φ, γ, t) is wellapproximated by the infinite-time modulus G ∞ (φ, γ) = lim t→∞ G(φ, γ, t). Furthermore, as the critical shear strain γ c is small, it is unnecessary to resolve the nonlinear shear strain prior to yield, and so the infinite-time modulus may be linearized from (13) as
and integration by parts of (50) yields
In converting the viscoplastic solutionζ v to the hyperelastic formulation ζ v , this solution is now over-determined in the hyperelastic frame due to the closure N 1,N = 0 developed in Section V. Relaxation of this constraint perturbs the force balance (7) away from equilibrium, and so the relaxed viscoplastic solution forms an initial condition for the evolution equation (3) which can then evolve to the true equilibrium state. This process can be formally represented as
where S is the force imbalance due to conversion of the network stressΣ N,v in the viscoplastic frame to the network stress Σ N,v in the hyperelastic frame. This conversion requires calculation of the deformation vector d v from the solids volume fraction distribution φ v as
subject to the boundary condition d v | r=0,z=0 = 0. Although it is not possible to determine the temporal evolution of d up to the viscoplastic solution, the arguments above justify that convergence to the unique equilibrium state are independent of the solution path. Hence, for simplicity we assume d evolves linearly under the viscoplastic solution as
where h(t) is the ramp function
and t v is a nominal time at which the viscoplastic solution occurs. As such, the deviatoric network stress at t v is
Hence the stress imbalance arising from relaxation of the closure constraint manifests as
whereτ v N is the network shear stress calculated for the viscoplastic solution.
As the total network stress is Σ N = Σ N,v +Σ N,h , where Σ N,h is the hyperelastic component of the total stress, then from (53) the evolution equation (3) from the viscoplastic solution
where δφ = φ − φ v , φ| t=tv = φ v , and Σ N,h | t=tv = 0. The solids phase velocity is defined as
d, and the evolution equation (3) is of the form Lester et al. (2010) ∂φ ∂t
where v r = vs−q 1−φ is the inter-phase velocity. Under the assumption q = 0, (59), (60) may be re-cast as an evolution equation for the hyperelastic deformation d h
subject to the initial condition d h | t=tv = 0 and the same boundary conditions (26)- (30) as for the viscoplastic problem. The network tensor Σ N,h is explicitly
where the bulk and shear moduli are given from P y (φ), τ y (φ), γ c in (41), (42) as
The evolution equation (61) describes relaxation of the particulate network from the perturbed state to the hyperelastic equilibrium condition as a nonlinear elliptic equation.
A finite difference routine is used to numerically solve (61) on a series of increasingly fine spatial grids subject to successive over-relaxation to aid both robustness and convergence.
Under this routine, (61) converges relatively quickly, and the equilibrium distributions of τ N , p N and φ N for suspension (a) in the 22 mm column are shown in Fig. 5 (a) -(c), with the associated hyperelastic deformation d h shown in Fig. 6 . The most striking impact of the hyperelastic equilibrium compared to Fig. 3 is the smoothing of the C 1 shocks from the network shear stress distribution, resulting in a smooth radial profile of τ N . This removal is related to the change in governing equations from hyperbolic to elliptic, and demonstrates
clearly that the C 1 shocks are spurious artifacts of the viscoplastic formulation under the Table I as predicted by the hyperelastic formulation in a 22 mm diameter container. closure approximation N 1,N = 0. Whilst the smoothing of C 1 shocks appears markedly in Fig. 5(a) , the L 2 norm of τ N between the viscoplastic and hyperelastic solutions is of the order 2%, and so the gross distribution of shear stress is preserved. Likewise the network pressure and solid volume fraction distributions are only slightly altered (L 2 norm 0.5%, 0.3% respectively). The magnitude of the hyperelastic strain is also small, |d h | 3.2 × 10 −6 m. From Fig. 6 , these strains are primarily located near the C 1 shocks, and so most of the deformation relaxation of the hyperelastic body occurs as isochoric strains due to the stress imbalance generated by these shocks. As such, whilst the viscoplastic formulation under the closure assumption N 1,N = 0 does introduce spurious artifacts in the form of the reflected To test the viscoplastic model and develop methods to extract the relevant rheological functions, we apply the viscoplastic model to equilibrium solids volume fraction profile data (measured using a gamma-ray attenuation device Labbett et al. (2006) ) across batch settling columns of various widths to estimate both the compressive and shear yield strength functions. These estimates are then compared to in-situ measurements of the shear yield stress using a vane rheometer, which serves as an indirect test of the viscoplastic model.
In this study we consider three suspensions which consist of mean size 4 µm calcium is given by (41). Hence fitting of the equilibrium solids volume fraction profiles comprises of four rheological constants: the suspension gel point φ g , the consistency k in (42), the index n in (42), and the critical shear strain γ c . Note that the suspension gel point can be accurately estimated directly from the equilibrium solids volume fraction data a priori, and so the numerical fitting method only involves 3 variable parameters. Minimization of the L 2 error between model predictions and experimental data is performed via a simplex optimisation routine, where the numerical resolution of the finite difference routine used to solve the viscoplastic model (36) (37) is increased as the rheological parameters converge.
Although the viscoplastic model predicts variation in the radial network pressure distribution (e.g. Fig. 5 (c) ), the resultant variation in solids volume fraction profile is weak, and so such variations are neglected in comparison between experimental data and model predictions.
The vertical solids volume fraction profiles from the fitted viscoplastic model are shown in Fig. 7 along with the experimental gamma ray attenuation, and the fitted compressive and shear yield strength curves are shown in Fig. 8 . The rheological parameters associated with these fits are also summarized in Table I , of note is the large critical strains γ c required to fit the measured solids volume fraction profiles. Whilst these fitted strains are unlikely to be representative of the actual critical strain, the model relationship (41) proposed by Buscall Buscall (2009) requires such large strains to generate values of the yield strength ratio S(φ) = τ y (φ)/P y (φ) in the range 0.1-1. We found no means of fitting the experimental data in Fig. 7 without incorporating such values of S(φ), regardless of the functional forms of τ y (φ), P y (φ) used, hence we conclude that these values are an accurate representation of the yield strength ratio, independent of fitting methodology.
The range S(φ) ≈ 0.1 to 1 found here for the materials summarised in Table I is overall significantly larger than the range S(φ) ≈ 0.001 to 0.2, reported previously Buscall et al. (1987 , 1988 ), de Kretser et al. (2002 , Zhou et al. (2001) , Channell and Zukoski (1997) for a range of strongly flocculated suspensions (and summarised in Buscall (2009) ), leading to much stronger wall effects. Overall, S(φ) is expected to decay from unity at the gelpoint towards an asymptotic lower value dependent inter alia upon the elasticity of the interparticle bonds and the particle-size Buscall (2009) . Much of the earlier data refers to electrolyte-coagulated systems away from the gel-point and, with the benefit of hindsight, it is perhaps not too surprising to find that high-polymer flocculated systems are different.
Furthermore, more than a dozen types or mechanisms of flocculation are known and this alone means that wall effects are likely to be more important for some systems than others. Table I .
To validate the fits predicted from the viscoplastic model, in-situ shear yield stress measurements were performed in the 110 mm column as per the protocol shown in Fig. 9 , using a Haake VT500 rheometer fitted with a cruciform vane (diameter 22 mm, height 31 mm)
following the procedure of Nguyen and Boger Nguyen and Boger (1983) . As the shear vane spans a significant bed height (31 mm), the measured shear yield strength is an average of the shear yield strength distribution (arising from the solids volume fraction distribution) Table VII over the height of the vane. These average shear yield strengths are shown in Table VII Table I .
Agreement between the viscoplastic model and in-situ shear yield strength and volume fraction profile measurements suggests that the ratio S(φ) of shear to compressive yield strength for these colloidal gels is significantly higher ( 0.1-1) than previously reported, and as such wall adhesion effects are also much more prevalent. Neglect of wall adhesion effects can lead to very serious errors in the estimation of the compressive yield strength, as illustrated in Fig. 11 (a), which shows significant deviations from the corrected compressive yield strength in both the 22 mm and 110 mm columns, where the divergence of P y (φ) for the uncorrected estimate in the 22 mm column around φ ≈ 0.23 arises from the vertical solids volume fraction profile in Fig. 1 . Fig. 11 Table I in the 22 mm and 110 mm columns, and (b) prediction of equilibrium solids volume fraction profiles for suspension (c) in Table I across various column diameters.
free from wall adhesion effects, and even very wide columns still exhibit significant errors as shown in Fig. 11(b) .
For such batch sedimentation problems involving significant wall adhesion effects, the viscoplastic formulation (36) (37) under the closure approximation N 1,N = 0, and wall adhesion assumption τ y (φ) ≈ τ w (φ) serves as a useful analysis tool, and leads to a useful methodology to generate accurate estimates of the shear τ y (φ) and compressive P y (φ) yield strengths from the solids volume fraction profile data across several columns of various widths.
A useful experimental parameter is the minimum column diameter D min required to render wall adhesion effects negligible. To derive a relationship between D min and the relevant experimental and suspension parameters, we define the relative error from the vertical force balance (1) as the relative contribution of wall adhesion stress
where in the limit of vanishing , gravitational stress is balanced by the compressive yield strength of the suspension, and a 1D stress analysis is valid. Under the assumption that wall shear strength is well approximated by the bulk shear strength, τ w (φ) ≈ τ y (φ) = S(φ)P y (φ), then for particulate gels whose shear yield strength is well characterized by (42) and (41), (65) may be expressed as
where p ∞ = ∆ρgφ 0 h 0 is the equilibrium network pressure at the base of a batch settling experiment with initial height h 0 and volume fraction φ 0 , and S ∞ = 1/κγ c is the limit of S(φ) for large φ. From (41), S(φ) decays rapidly from S ∼ 1 toward the asymptotic value S → S ∞ as φ increases from φ g for n > 2, and so (66) only varies very weakly with changes in S ∞ for S ∞ < 0.1. Under these physically reasonable conditions, the right hand side of (66) only varies significantly with p ∞ /k and the index n, and this relationship is plotted in Fig. 12 for various indices n and relative stress p ∞ /k.
Application of (66) to the three suspensions considered experimentally clearly illustrates the prevalence of wall adhesion effects for high molecular weight polymer flocculated colloidal gels. For a modest experimental error = 5%, minimum column diameters D min of at least 2 m are required to render wall adhesion effects negligible. Conversely, one may calculate the maximum bed depth z max and solids volume fraction φ max below which the error exceeds . All of these measures indicate that either very shallow bed depths or impractically wide columns are required to avoid significant errors, hence correction of wall adhesion effects is necessary for many experiments involving strongly flocculated colloidal suspensions.
Development of this model for batch sedimentation with wall adhesion effects raises fundamental issues regarding the constitutive modeling of strongly flocculated colloidal gels, specifically the validity and utility of the viscoplastic and hyperelastic formulations. Whilst selection of an appropriate modelling framework is contingent upon the application at hand and the requisite level of fidelity and tractability, an understanding of the nature and range of validity of each approach is of critical importance. It is anticipated that such issues shall play a central role in the continuing development and application of constitutive models for strongly flocculated colloidal gels.
VIII. CONCLUSIONS
The assumption that wall adhesion effects are negligible for the batch settling of strongly flocculated colloidal gels is commonly invoked via the justification that the shear yield strength is small compared to the compressive yield strength. In this study, in-situ measurements of both colloidal gel rheology and solids volume fraction distribution in equilibrium batch settling experiments suggest the contrary for polymer flocculated colloidal gels, where wall adhesion effects are found to be significant in a 110 mm diameter column, normally considered to be sufficient to render wall effects negligible. Neglect of such effects can lead to serious errors in estimation of e.g. the compressive yield stress, where errors of order 100% are observed at higher concentrations in the 110 mm diameter column, and divergence of the compressive yield stress for a 22 mm diameter column.
Consideration of a mathematical model for the batch settling equilibrium stress state in Michaels and Bolger (1962) , Lester et al. (2010) , Stickland and Buscall (2009) In the context of batch settling with wall adhesion effects, the viscoplastic formulation leads to a statically indeterminate formulation due to the strain being undefined for stresses below the yield value. This formulation is closed by assuming the first normal stress difference is negligible, and this closure is found to be a reasonable approximation by conversion of the viscoplastic solution to the hyperelastic frame and evolution to the hyperelastic equilibrium state. Whilst the viscoplastic model is appropriate for this problem, the hyperelastic formulation is required to resolve a wide class of colloidal gel flow phenomena, and it is of critical importance to determine the limitations of the viscoplastic model in a given application.
Application of the viscoplastic model to the in situ measurements serves as an indirect validation of this model, and points to a methodology for estimation of the shear and compressive yield strengths from a series of batch settling experiments in various width columns.
These estimates are shown to fall within experimental error of the in-situ shear yield stress measurements, and furthermore suggest the strength ratio and hence wall adhesion effects in strongly flocculated colloidal gels can be much greater than was appreciated hitherto.
They should always be expected near the gel-point where the ratio of shear to compressive strength is largest and it has been found that they can be much stronger overall for particles flocculated with high molecular weight polymers than has been found for coagulated systems. This difference can be understood in terms of the length and elasticity of the
